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Abstract. The paper is concerned with the vanishing viscosity limit 
of the two-dimensional degenerate viscous lake equations when the Navier 
slip conditions are prescribed on the impermeable boundary of a simply 
connected bounded regular domain. When the initial vorticity is in the 
Lebesgue space with 2 < g < oo, we show the degenerate viscous 
lake equations possess a unique global solution and the solution con- 
verges to a corresponding weak solution of the inviscid lake equations. 
In the special case when the vorticity is in L°°, an explicit convergence 
rate is obtained. 
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1. Introduction 

Let VL C be a simply connected bounded domain with a smooth 
boundary and let Vt and dVt denote its closure and boundary, respectively. 
Let / denote the 2x2 identity matrix. Let h{x) E C'^{^1) be a given function 
with b{x) > for any x E il. We are not assuming that b is nondegenerate, 
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namely that b may be zero on d^l. Consider the viscous lake equations 

^tu^' + u>' ■ Vn^ - fib'^V ■ {2bD{u'') - bV ■ ut^I) + Vp^ = 0, 

V • {bu^') = 0, 

(1.1) 

where xE^l, t>0, fi>0 represents the viscosity coefficient and 
= u'^(x, t) stands for the two-dimensional velocity field and D(u^^) the 
deformation tensor, namely 

Vuf" + (Vm^)* 



Diw , 

Attention here is focused on the initial- and boundary-value problem (IB VP) 
for (|l.ll) with the free boundary condition 

bu^ ■n = ^, V X m'^ = 0, X G 91], t > 0, (1.2) 

and a given initial data 

u^[x,t)\t=Q=UQ, xeQ, (1.3) 

where n denotes the unit normal vector and uq is assumed to satisfy the 
boundary condition in (11.21) and V ■ (buo) = 0. (11.21) is a special case of the 
general Navier boundary condition 

bu''-n = 0, 2D{u^')n-T + au-T = 0, x e dVL (1.4) 

and (11.41) reduces to (11.21) when a{x) = k{x), where r is the unit tangential 
vector, a{x) denotes the boundary drag coefficient and k(x) is the curvature. 

In the case when fi = 0, (11.11) formally reduces to the inviscid lake equa- 
tions, 

dtu^ + n° ■ Vu° + Vp° = 0, 

(1-5) 

V-(6nO) = 0, 

but the corresponding boundary condition is 

bu^-n = ondn. (1.6) 

The viscous lake equations (11.11) have been derived to model the evolution 
of the vertically averaged horizontal components of the 3D velocity to the 
incompressible viscous fluid confined to a shallow basin with a varying 
bottom topography (see JH [51 [HI) while the invisvid lake equations (11.51 ) 
describe the evolution of similar physical quantities governed by the Euler 
equations (see [[8l[l2||). Physically b = b{x) denotes the depth of the basin. 
Our intention here is to deal with the situation when b = b{x) is degenerate, 
namely that 

b{x) > for X G and 6(a;) = for x G dVt. 
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As in |[3j, we write d^l as the zero level set of a smooth function. That is, 

b{x) = ifix)", n = {ip>0} and 9fi = = 0}, (1.7) 
where a > and if G C^(r2). 

Our goal here is to understand the vanishing viscosity limit of solutions 
to the IB VP (frT])-(fr3l) when the initial vorticity uq = b~^V x uq e L''{Q) 
for some q satisfying 2 < g < oo. To deal with the vanishing viscosity 
limit problem, we first establish the global existence of solutions to the 
viscous IB VP (fm)-<fT31) with uq G L«'(ri) for 2 < g < oo. For the inviscid 
IB VP (ll.5l) . (ll.6l) and (11.31) . there is an adequate theory on the existence and 
uniqueness of weak solutions. For the general case cuq G U'{^1) with 2 < 
g < oo, a global weak solution to (ll.5l) . (ll.6l) and (11.31) in the distributional 
sense is obtained in lfT0l[T2ll for nondegenerate b{x), namely 

< 6i < b{x) < b2 for all x e Q. (1.8) 

When b{x) is degenerate, the global weak solution can be obtained by re- 
placing b{x) by b{x) + e for small e > 0, applying the result for the non- 
degerate case in (W\ and taking the limit as e — 0. The weak solutions 
of (1 1.51) , (1 1.61) and (11.31) are in the distribution sense and their uniqueness is 
unknown if we just have cuq G L'^{Vt) with 2 < q < oo. li ujq E L°°{^1), 
Q established the global existence and uniqueness of weak solutions in the 
class uj G L°°{^1 X [0, T]) for any T > 0. With these existence and unique- 
ness results at our disposal, we are able to establish two vanishing viscosity 
limit results. The first one is the strong convergence 

n^'^n" inL^(0,T;iy°'"'(fi)) as /i ^ 0, 

where n'^ and n° refer to the aforementioned solutions of (|1.1|) - (|1.3I) and 
of (ll.5l) . (ll.6l) and (11.31) associated with uq G L^, respectively, and the in- 
dices r and a will be specified later. When loq G L°°, an explicit rate of 
convergence can be obtained. More precisely, we have 

\\Vb{u^ - u'mwi, < cm2(i--"') [\\Vb{u^ - u'mwh + f^t) . 

Precise statements of these results will be given in the following section. 

To put our results in proper context, we briefly summarize some recent 
work on the viscous and inviscid lake equations. When 6=1, (11.11 ) and 
(11.51 ) become the classical Navier-Stokes and Euler equations, respectively. 
There is a large literature on the inviscid limit of the Navier-stokes equations 
with the Navier boundary conditions (see, e.g., [[Il|2l|7l|9l[T5l[T6l). If b is not 
a constant but nondegenerate, namely b satisfies (11.81) . the global existence 
and uniqueness of strong solutions to the IB VP (ll.ll) - (ll.3l) is obtained in 
[fT4l while the global weak solutions to the IB VP (fT31).(fr6l) and (fT3]) has 
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been studied by D. Levermore, M. Oliver and E. Titi in [[T2l| and [[T3l . The 
vanishing viscosity limit of (|1.1| )- (|1.3I ) in the case when b is nondegenerate 
was investigated by Jiu and Niu ( ifTOll ). They proved that the solution of 
(ll.ll) - (ll.3l) with any initial vorticity in (1 < p < oo) converges to a weak 
solution of (ll.5l) . (ll.6l) and (11.31) . In another recent work (Til, Jiu and Niu 
studied the viscous boundary layer problem for (II. 1|) with Navier boundary 
conditions. 

We remark that the vanishing viscosity limit problem for the case when 
b is degenerate is more difficult than the nondegenerate case. A key tool 
employed here is an elliptic type estimate for degenerate equations (see O 
and Lemma [277] below). This estimate allows us to bound the W^'^-norm of 
u^' and n° uniformly with respect to the degenerate b{x). Other techniques 
involved such as the Yudovich approach will be unfolded in the subsequent 
sections. 

The rest of this paper is divided into three sections. The second sec- 
tion states the main results and provides tools to be used in the subsequent 
sections. The third section establishes the existence and uniqueness of so- 
lutions to the IB VP (|1.1| )- (|1.3I) while the last section presents the inviscid 
limit results. 

2. Main Results and Preparations 

This section provides the precise statements of the main results and list 
some of the tools to be used in the proofs of these theorems. 

One of the main theorems asserts the global existence and uniqueness of 
solutions to the viscous IB VP (|1.1| )- (|1.3I ). This theorem involves the vor- 
ticity formulation. If n'' solves the IB VP (|l.l| )- (|1.3k then it can be verified 
(see IfTOl ) that cj^ = V x n'' solves the following IB VP for the vorticity 
equation 

buj^ = 0, xe dQ, 
buj''{-,0) = buo, X eQ. 

(2.1) 

where G{u^, Vu^) involves only the linear terms of the first derivatives of 
u^, and is given by 

G = {b-^Ab + I V In fcHw^ + r V X ((Vu^-) In b) 

+ b-^V X (Vln6(M^ ■ V(ln6))). (2.2) 
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Theorem 2.1. Consider the IBVP rti.iD - di.3l) with h = h{x) being given by 
(11.71 ) for a >2. Assume VBuq G L^(fi) and Uq = b^^V x uq e L'^iVt) for 
some q satisfying 2 < g < oo. Then rti.iP - rt7T?l ) has a unique solution which 
satisfies 

^ T [ ^' '^^^^^ + '^1^1 Du^ : Dcj) hdx - /U /" divu^divct) hdx 
dt Jn Jq Jq 



u^" ■ Vn^ ■^hdx + 2fi / ku^ ■ (phdS = 0, 
n Jan 

hu'^ ■ n = 0, X e 00:, 
u'^{x, 0) = uq, X G f2 

1 ^ 

for any G ' (Q) with (p ■ n = on dfl. 

In addition, uj^ = 6~^V x is well-defined, and satisfies (|2.1I) in the 
distribution sense. Furthermore, for any T > 0, h^u^ G C([0, T]; 
and 

||v^n^||ioo(o,T;L2) + ||&^tJ^|U°°(0,T;L9) < C, (2.3) 

ll^'^lki.. < (2.4) 

where C is a constant depending on a, q, T, ||v^||c'2(q) and the initial norms 
||\/6mo||l2 cind IIcuqIIl? only. 

Since is a bounded domain, ojq G L°°(n) can be treated as a special 
case of Theorem l2.1[ 

Corollary 2.2. Consider the IBVP rti.iP - rti3| ) w?Y/z 6 = 6(x) Z^em^ given by 
(Ol/ora > 2. Assume Vbuo G /.^(l]) anJwo e L°°(l]). r/ze« (O-fO 
/zaj' a unique solution obeys (12.31 ) and (12.41 ) for anj 2 < g < oo. 

It is not clear if the vorticity uj^ is in L^iVt). The approach of taking the 
limit of as g — 7- oo would not work since the bound for grows 

with respect to q very quickly (see the bound in Lemma [X2l ). 

Two other main results are the following theorems on inviscid limits. 
The first one is a strong convergence result without an explicit rate. In 
the following theorem vP denotes a weak solution of the inviscid IBVP 
(|1. 51) . (II. 61) and (11.31) in the distributional sense. As we explained in the 
introduction, such weak solutions exist for all time. For the case when 
Wo £ L°°{Vi), the existence and uniqueness of weak solutions was obtained 
by D. Bresch and G. Metivier [H. 
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Lemma 2.3. Consider the inviscid IBVP U.5\iAl.^ and di.il) with h = b{x) 
being given by (11.71) for a > 2. Assume y/buQ G and Uq G 

Then (ll.5\) , ([L6\) and l\1.3\) has a unique solution vP satisfies, for any 2 < 
p < oo and any T > 0, 

M° G C{[0,T];W^'P), G C{[0,T];LP)nL°^{[0,T] x Q) 



and 



sup - f / iVti^l^dx ] < oo. 

P>3 l> Vin / 



We now state our first vanishing viscosity limit result. 

Theorem 2.4. Let b{x) = ip'^ be given as in (11.71) with a > 2. Assume 
Vbuo G anduo G L'^ {D.) for some 2 < q < oo. Letu^ be the unique 

solution established in Theorem \2.1\ Let oo^ = 6~^V x u^. Then, for any 
1 < r < oo satisfying 1 < 1/r + 2/q < 3/2, 

— y n° in r^(0, T; iy"'^'(n)), 

where r' is the conjugate index ofr, 1/r + 1/r' = 1 and a G (0, 1) satisfies 
1/r' < 1/g — (1 — a)/2. Moreover, vP is the weak solution to (|1.5I) and 
(11.6b . satisfying, in the case when 2 < g < oo 

v^n° G L\n), G L°°([0, T], 
and, ifq = oo, G L°°([0, T], L«(fi))/or anj 1 < g < oo. 

We remark that, when ojq G L^iVt), the weak solution m° in Theorem 12. 41 
coincides with the unique weak solution in Lemma [23l 

Corollary 2.5. Ifu^E L°°{Q), the weak solution vP in Theorem \2.4\ coin- 
cides with the unique weak solution in Lemma \lJ\ 

When uq G we obtain an explicit convergence rate. 

Theorem 2.6. Let b{x) = y?" be given as in (|1.7I) with a > 2. Assume 
Vbuo G and Uq G Let be the unique solution estab- 

lished in Theorem \2.1\ and let be the unique weak solution of the IBVP 
di.5l) . ( 17. (51) and ( 17.31) . Then, for any T > and t <T, 

- < CM2(i--"') (iIv^K - «°)(0)||i2 + /it) , 

where C, C and M are constants depending on a, T, \\<p\\c2(q) and the 
norms ||\/feMo||L2 and \\cuo\\l^ only. Especially, if \\\/b{u^ — u^){0)\\ ^2 — 0, 
then \\\/b{u'^ — M°)(t)||i2 with an explicit rate, as p ^ 0. 
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We now list some of the tools to be used in the proofs of the theorems 
stated above. The first one is an estimate for solutions of degenerate elliptic 
equations. This estimate was obtained in ||3l Theorem 2.3]. 

Lemma 2.7. Let Vt d W'- be a simply connected bounded domain with a 
smooth boundary and let b = b{x) be given by (11.71) . Consider 

V ■ (bv) =0, V X t> = / in^l and (bv) ■ n = on dfl. 

If, for 2 < p < oo, 

bv e L^{VL) and f G LP{n), 

then 

veC^'^m, VveLP{n), vn\an = 
and, for a constant Cp depending on p only, 

ll^ll^.-l <c^p(||/||l. + ||&^IUO- 

Especially, 

\\v\\Lr' < C\\v\\lo^ < C, (II/IIlp + \\bv\\L2). (2.5) 

In addition, for any Pq> 2 and po < p < oo, there is a constant C depend- 
ing on Po only such that 

\\Vv\\LP<Cp{\\f\\Lr+\\bv\\L2). (2.6) 

Remark 2.1. The estimates in Lemma [277] bound the W^^'^-norm of v uni- 
formly with respect to b. The estimates in (12.51) and (|2.6|) actually hold for 
p = 2, namely the iJ^-norm of v is bounded by C(||/||l2 + ||6t;||^2). 

The following lemma reformulates the Navier friction condition in terms 
of vorticity (see, e.g., [151). 

Lemma 2.8. Suppose v G H^{Q) with v ■ n = on dQ. Then, 

D{v)n ■ T = —k{v ■ t) + -V X V on dQ, 

where r denotes the unit tangent vector and k the curvature ofdfl. In par- 
ticular, if V X V = on dQ, then 

D{v)n ■ T = —k{v ■ t) on dfl. 

We will also need the following Osgood type inequality(see, e.g., [[6l). 

Lemma 2.9. Let a(t) > be a locally integrable function. Assume uj{t) > 
satisfies 

/ dr = oo. 

Jo ^{r> 
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Suppose that p{t) > satisfies 



p(t) < a + / a{s)u{p{s))ds 



for some constant a > 0. Then ifa = 0, then p = 0; if a > 0, then 



3. Global solutions of the viscous equations 

This section is devoted to the proof of Theorem 12. 1[ For this purpose, we 
first establish several a priori estimates including a global L^-bound for the 
velocity, a global L'^-bound for the vorticity and a global L^H^ bound for 
the velocity. 

We start with the -bound for the velocity. 

Lemma 3.1. (L^ -Estimate) Suppose that the assumptions of Theorem 12.71 
hold and let be a smooth solution of (|l.ll) . Then, for any T > 0, 



where n > is the curvature ofdQ. 

Proof. We take the inner product of the first equation of (11.11) with bu^^ and 
integrate by parts. Due to the divergence free condition V ■ = 0, 

the contribution from the nonlinear term and the pressure term is zero. The 
inner product with the dissipative term is 



Writing = (u^ ■ n)n + {u^ ■ t)t, applying the boundary condition in (11.21) 
and the basic identity Vm^ : Du'^' = Du^ : Du^, and invoking Lemma [Z8l 




where 





(3.1) 
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namely D{u'^')n ■ r = —k{u^ ■ r) on dVt, we have 
d 
di 



I luf^l^dx + 2fi I Du^" : Duf" bdx - n [ ■ u^^f hdx 
Jn Jn Jn 



-2/i / kIu^" ■ T\^bdS = 0, 
'an 



(3.2) 



where k, is the curvature of d^l which is nonnegative by assumption. Since 

2Du>' : Du>' - (V ■ M^)' = (diui^ + diU^f + - diui^f > 0, 
(13.11) then follows from (13.21) . The proof of the lemma is then finished. 

For the vorticity co^ = b^^V x u^, we have the following estimate. 

Lemma 3.2. (Estimate of Vorticity) Suppose that the assumptions ofTheo- 
rem \2.1\ hold and let be a smooth solution of (11.11) . Let cu'^ = V x u^. 
Then, for any T > 0, 

IIW'^1li^(o,T;L.) < (llv^^olli. + llcollDe^^'"'^'"^, (3.3) 
where C is a constant depending on a, q, T and \\<p\\c2(n)- 

Proof. As stated in Section [2l co^ satisfies (12.11) . Taking the inner product 
of with the first equation of (12.11) . integrating by parts and using 

the zero boundary condition for bcu^, we have 

Q dt Jn 



< 



\G{u^',Vu>')\\uj>'\''^^Lo>'bdx 



4^ 



To bound the first term, we first notice from (12.21) that 

||feGK,Vu^)||L. < llullvFM. 
It then follows from Holder's inequality that 



< C/i||n^||i4/i,<7||a;' 



At||<?-1 



To bound the last term, we recall that b = Lp°- with 99 e C'^{Vl) and > 0. 
Therefore, for a > 2, 

Thus, by Holder's and Young's inequalities. 



(3.4) 



j \Vb-Vuj^\\io''\'>-^uj''dx<^ J \V{uj'')^%dx + ^\\io^\\%, 
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where C is independent of q. Therefore, we obtain 

By the estimates in Lemma [2771 
Thus, 

dt q Jq 

<fiiCqy{\\buj''\\L. + \\bu''\\v.y 

<^,iCqr\\\bujrL. + \\buTL^). 
Noticing that < ||6^/^u;'^||l<j and applying Lemma [311 we have 

\\b'^'\\Uo,T;L.) < i\\^buo\\% + llcollDe^^^")'"^^, 
which is (|3.3I) . The proof of the lemma is complete. 

The following lemma provides a bound for ||"\/&Vm||l2(qx[o,t])- In addi- 
tion, its proof is also useful in proving Theorem |2.6[ 

Lemma 3.3. Suppose that the assumptions of Theorem 12. l\ hold and let 
be a smooth solution of (ll.ll) . Then, for any T > 0, 

l|v^w1li-((o,T);L2(n)) +/^ / l|V^VM^(t)||i2(t2)rft 

T ° (3.5) 

+ / K\u''-T\%dSdt<C{\\Vbuo\\h^n) + \\^o\\l^n))- 

Jo Jan 

Proof. Substituting the identity 

2Du^' : Du^" - (V ■ u^'Y = |Vu^|^ + 2{diu'^d2u'^ - 9i<92U^) 
into ( 13.2! ). we obtain 
d 



dt 



I \u^'\%dx + ^ I \Vu^\%dx-2^ I {diu'(d2ui^ - diui^d2u'^)bdx 
Jn Jn Jn 



+2/i / ■ T\^bdS = 0. (3.6) 

'an 
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It is easy to check that 
Jn 

= / V ■ (m^(92M2 — M2f^2Wi , ui^diu^ — u^diU2)bdx 
Jn 

= / V • [{u'^d2U2 — U2d2Ui, U2diUi — u'^diU2)b]dx 
Jn 

— / {Uid2U2 — M2<92Mi , M2<9iM^' — M^'(9iM2 ) ■ Vhdx. 

Jn 

Writing 

(^^^2^2 — U2d2Ui, ui^diU^ — UidiU2) 

and applying the divergence theorem, we have 

J= j «r ■ Vm^ - M^r ■ VOM^ 
J an 

— I {u'^d2U2 — U2d2u'^, uf^diu^ — n^'^iUg) • Vhdx. 
Jn 

Since bu^ ■ n = on d^l, we have bu^ = (bu^ ■ t)t on dVl. Writing 
M^r ■ Vm^ - ui^T ■ Vm^ = -r ■ Vm'^ ■ (m^, -m^"), we find 

J = - I {t -Vu^" ■n){u^' ■T)bdS 
Jan 

— I {u'^d2U2 — U2d2Ui, ui^diUi — UidiU2) • Vbdx. 
Jn 

By Lemma ITSl 

Jan 

— I {uid2U2 — U2d2Ui, uf^diUi — UidiU2) ■ Vbdx. 
Jn 

Then (13.61 ) becomes 

^ f \u^\%dx + 2ii [ |Vn^pMx + /i / kIu" ■ T\%dS 
dt Jn Jn Jan 

= — /i / {uid2U2 — U2d2Ui,U2diu'^ — UidiU2) ■ Vbdx. (3.7) 
Jn 



1 2 QUANSEN JIU, DONGJUAN NIU AND JIAHONG WU 

Applying Holder's inequality and using (13.41) . we have 

fj, / {uid2U2 — , u'^diu'l — u^diU2) ■ Vhdx 

< ^/i /" iVu^'l^bdx + C n\\u''\\l2 
2 Jn 

< ^/i /" |Vn^pMx + C/i(||6^/2^^||i2 + llfe^/^n^llia). (3.8) 
2 Jn 



Combining (13.71) with (13.81) . we obtain 

d_ 
di 



[ lu^l^dx + fx f iVu^l^bdx 
Jn Jn 



<Cfxi\\b'/'u>^\\l, + \\b'/\^\\l,). 

Applying (13.31 ) and the Gronwall inequality, we obtain (13.51 ) and thus finish 
the proof of this lemma. 

We are now ready to prove Theorem 12.11 

Proof of Theorem IZTI Let e > be a small parameter. We construct the ap- 
proximate solutions {u^'^, u^'^) to the nondegenerate viscous lake equations 
with ¥ = b + e, namely 

-fi{b'y^V ■ {2¥D{u'^^') - ¥V ■ u^'^I) + Vp''^" = 0, 
V ■ (6^M^) = 0, (3.9) 
lje^e,f^ . ^ = 0, ¥uj>' = on on, 

U^^^{x,t) \t=Q= Uq. 

Since ¥ is nondegenerate, the global existence and uniqueness of such so- 
lutions can be obtained by a similar approach as in [ fTO |. Moreover, u^'^ 
satisfies (13.91) in the sense of distribution 

^ I <p- u'^^¥dx + 2i2 [ Du'^f" : ¥dx 
dt Jn Jn 



- fi divu^'f'divcpb'dx + / u'''' ■ Vu'^'' ■ (p ¥dx 
Jn Jn 

+ fx [ Kiu''" ■ ^)¥dS = (3.10) 
Jan 
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for(f)EW p-i (n) with 0-72 = on dil. Thanks to Lemma lBTI and Lemma 
|3.2[ we deduce the uniform estimates, for any T > 0, 

I|v^W^'1Il-(0,T;L2) + ||(6^)^U;^'1|loo(0,T;L.) < C. (3.11) 

By the estimates in Lemma [2/71 

, (3.12) 

+ ||(6^)5a;^''^|Uoo(o,T;L«))<a 

In these inequalities C's are constants depending on T and q but not on e or 
fi. Furthermore, using (13.101) . we can prove that dtu'''^ is uniformly bounded 
in L°°((0,T); Hf^'^Q)) for some s > 2. Thus (ITTT]) and (13121) yield the 
compactness of Vb^u^'^ in L^(0, T; //^^^^(fi)) by Aubin-Lions Lemma. This 
allows to pass to the limit e — )■ in (13.101) to get the existence of weak 
solutions of (|1.1|) - (|1.3I) . Moreover, the solution n^, cu^ satisfy the estimates 
of (13.1 II ) and (13.121) . Using similar estimates of (13.91) and ([3]), we can prove 
uniqueness of the weak solutions and we omit further details. The proof of 
the theorem is now finished. 



4. Vanishing Viscosity limits 

This section proves Theorem l2.4[ and Theorem l2.6[ the vanishing viscos- 
ity limit results. In addition, a proof of Corollary 12. 5l is also provided at the 
end of this section. 

Proof of Theorem \2~4\ According to Theorem 12. H and its proof given in the 
previous section, the unique solution of the IB VP (|1.1| )- (|1.3I ) satisfies 

Vbu^ e C(0, T; L^) n L\0, T; H\Q)), 

and, for any test function e C([0, T); W ''^) with ■ n = on dQ, 

u'^bdx + 2/i /" f Du'' : Dcpbdx + fj. [ f V ■ u^dw(j)bdx 
n Jo Jn Jo Jq 

+ f f -Vu^" ■ (pbdx + ^ [ [ K{u^'-(p)bdS 
Jo Jq Jo Jdn 

Mo0(O, ■)bdx. 
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Then we can take a subsequence, denoted by u^*", such that 



in w* -L°°(0, T; W^''i{n)) n L°°(0, T; ^^(fi)), 
in w* -L^{0,T;Li{n)), 



as A; — )■ oo. Therefore, for any 1 < r < oo satisfying 1 < l/r + 2/g < 3/2 
and a e (0, 1) satisfying 1/r' < 1/g - (1 - a)/2, 

u^—^u^ in L'^(0,r;iy"'^' 

where r' is the conjugate index of r, 1/r + 1/r' = 1. 

In addition, the limiting function m° satisfies the weak form of the inviscid 
lake equations, that is, 

[ (t)u%dx+ [ [ ti^ -Vu^ ■ (t)bdx = [ uo(p{0,-)bdx. 
Jq Jo Jn Jq 

This completes the proof. 

We now turn to the proof of Theorem 12.61 

Proo f o f Theorem \T6\ The differences v = — and p = — p'^ for- 
mally satisfy 

dtv + V ■ Vn° + ■ Vf 

-/ife-^V ■ {2hDu^' - 6V ■ n^) + Vp = 0, (4.1) 

V ■ {hv) = 0, 

with the boundary condition bv ■ n = 0. Taking the inner product of (14.11) 
with bv, integrating by parts and applying the boundary conditions, we ob- 
tain 

^■^\\Vbv\\l2(^Q) + I V - Wu^ ■ vbdx + 2^1 f K\vfbdS 

+2/i / D{v) : D{v)bdx - fi [ {V ■ vfbdx 
Jn Jq 

= -2/i [ Kn° ■ vbdS -2fi [ D{u^) : D{v)bdx 
Jan Jn 

+/i [ {V ■ u°){V ■ v)bdx. (4.2) 
Jn 

We remark that (14.21) can be obtained rigorously by using the weak form of 
the equations. We then combine the terms 

2/i / D{v) : D{v)bdx - /i / (V ■ vfbdx 
Jn Jn 
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and bound them as in the proof of Lemma [33l More explicitly, as calcula- 
tions in lemma [331 we write 



2^ / D{v) : D{v)bdx - /i / (V ■ v)%dx 

= / |Vf I^Mx — 2/i / (9it'i92f2 — diV2d2v)bdx 
Jn Jn 

= 12 \Vv\^bdx-i2 / k\u'' ■ rl'^bdS 
Jn Jdn 

+/i / {u^d2U2 — U2d2U^-i ui^diu'^ — u'^diu'^) ■ Vbdx, 



and then bound the last term above as in (I3.8|) . namely 



Uid2U2 — U2d2Ui, U2diUi — u'^diui^) ■ Vbdx 



n 



< -/i / |Vt;pMx + C/i(||6^/V||i2 + 
2 Jn 



2 ^ 

L2y 



,0||2 

Il2 



wb^/'urL^) 



<-lif \Wv\''bdx + Cii{\\b^'^u^ 
2 Jn 

2 in 

where C's depend on the initial norms ||6^no||L2 and ||a;o||L°° only. Ap- 



plying Holder's inequality and Lemma 12.71 we have, for any T > and 

t < T, 



2^ll^^llL2(n) + jj^v\%dx + ^i j^^K\v\%dS 



V ■ Vu^ ■ vbdx 



r \ 1/2 

+2/i( / K\u^\%dS) 
'an J 



K,\v\'^bdS 



an 



1/2 



+2i2\\Vu^LHn) / \Div)\'bdx 



+fi\\V-u'\\L2^n) / {V-vfbdx 



(4.3) 
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Applying the bounds ||6^/^n°||/,2 < C for C independent of fi and by 
Lemma [2771 

W^AlL-m < c\\vu'\\mn) 
< c, 

where C's depend on the initial norms ||6^no||L2 and ||u;o||l°° only, we have 
from (1431) that 



V ■ ■ vbdx 



C/i, (4.4) 



where C is independent of fi. Since Vn° is not known to be bounded in 
L°°, we follow the Yudovich approach to deal with the nonlinear term (see, 
e.g., IITtI and (31). For this purpose, we set 



L := sup - 

p>3 P 



M := + IIm^IIl-. 

By Lemma l23l L < oo and by Lemma [2/71 M < oo. Now, for 5 > 0, let 

T,,sit) = \\Vbv\\l,^^^ + 6. 

Applying Holder's inequality to the nonlinear term in (14.41) . we have, for 
any p > 3, 



(4.5) 



Optimizing the bound on the right of (14.5! ) with respect to p > 3 yields 
Integrating in time leads to 

Tf^At) < r^,5(o) + Cfit + Ce [ p(r^4T))dT, 

Jo 

where p{x) = x(lnM^ — Inx). Let 



n{x) 



' dy 



dy 



p{y) Jx y(lnM2-ln?/) 
= ln(lnM^ - Inx) - InlnM^ 

Applying Lemma [Z9l we get 

-n{T^4t)) + fi(r^,5(o) + Cpt) < ct, 
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where C and C are constants independent of /i. Therefore, 

- ln(ln A/P - In T^^s{t)) + ln(ln - ln(r^,5(0) + Cfit)) < Ct. 
That is, 

Letting 5 — )• 0, we obtain 

\\Vb{u'' - u'){t)\\l2 < CM2(i-^"''') - n0)(0)||i2 + /it 

This completes the proof of Theorem l2.6[ 

We finally prove Corollary |2.5[ 

Proof of Corollary 12. 51 Let cuq E L°°(f2) and let and u?, be weak solu- 
tions given by Lemma [231 and Theorem 12.41 respectively. Then, the differ- 
ence 

M° = - ul 

satisfies the energy inequality 

^ / InYMx < 2 / / \u\^\Vu1\bdx. 
dt Jn Jo Jn 

A Yudovich type argument as in the previous proof would lead to m° = 0, 
or Ui = We have thus completed the proof. 
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